We examine the quantum decay of localized vibrations in an anharmonic crystal lattice. The theory which describes two-phonon anharmonic relaxation can be applied both to local modes associated with a substitutional impurity and to intrinsic local modes (ILM) in perfect lattices. It is found that for sufficiently high initial excitations the relaxation of vibrations is non-exponential, it demonstrates explosion-like behavior at specific stages of evolution. The course of the relaxation is determined by the initial value of energy, temperature, direction of vibrations. As an example we present the results of calculations of the relaxation of an odd local (impurity) mode in a simple cubic lattice and discuss the influence of quantum fluctuations on the stability of the ILM in a one-dimensional monatomic chain.
I. Introduction
The localization and energy transport in nonlinear systems have received much attention recently. Numerical techniques play an essential role in the investigation of anharmonic discrete lattices, allowing the variation of model parameters and the observation of different properties. One of the effects -the existence of stationary localized vibrations in a perfect lattice (s.c. intrinsic local modes (ILM)) [1] [2] [3] [4] [5] is of particular interest as it links local lattice dynamics with physics of solitons and underlines in general the importance of strongly excited local modes.
So far the research of strong anharmonic effects in lattice dynamics as well as molecular dynamics simulations of the kinetics of the decay of vibrational excitations [6] has been carried out within the frame of classical mechanics. However, the account of quantum effects may be important, as * Presented at the 13th International Symposium on Electrons and Vibrations in Solids and Finite Systems (Jahn-Teller Effect) Berlin 1996. it leads to new channels in the decay. In this context the problem of strong local vibration is also of significant interest, it gives an example when anharmonic and quantum effects can be described analytically with the application of nonperturbative theory. One of the results of the corresponding theory [8] [9] [10] is an explosion-like release of energy by the local vibration with the emission of a burst of phonons. This release takes place if the energy of the local mode reaches some definite critical values. Such a behaviour is new for vibrational systems and it is a consequence of a mutual interplay between anharmonic and quantum effects.
The method used in [8, 10] is based on the assumption that a local mode is strongly excited initially and it can be considered classically. Phonons are supposed to be not excited (or to be in thermal equilibrium). According to classical mechanics, the state with non-excited phonons is stable, since for the phonon coordinates q¡ at rest (q¡ = 0) the anharmonic interaction is turned off. Quantum fluctuations, coming from zero-point vibrations, turn on the interaction and result the relaxation of the mode. However, the standard quantum theory, based on the description of anharmonic interaction as a small perturbation [1] , cannot be used for obtaining the solution to the problem of relaxation, because the interaction is not weak (due to the strong excitation of the local mode).
II. General theory
Let us consider a local vibration anharmonically interacting with phonons.
The peculiarity of the problem is that the strong local vibration causes periodic time-dependence of the local force constants and therefore of the zeropoint energy of the phonon system. This time-dependence results the generation of phonons. The mechanism of this process has an analogy with the black hole emission mechanism proposed by Hawking [13] and with Unruh radiation [16] . In all these cases the time dependence of the zero-point energy causes the transformation of the initial creation and destruction operators in time. Namely, according to Hawking [13] where â and b are initial (incoming) 
where /jt) are time-dependent phonon frequencies, and fa)
are time-dependent destruction operators ; expressions for ß µ and are given in [21] . The anharmonic interaction considered causes not only time dependence of phonon frequencies but also changes of phonon operators in time. The relation (5) is analogous to the relation of Hawking (1) between field operators in different times of gravitationally collapsing star. This is why the mechanism of a local mode relaxation is analogous to that of black hole emission: phonons (photons) are generated because the initial zero-point state |0) is not zeroth state for the time-dependent destruction operators by, there are phonons with frequencies , in |0) at the time moment f; the number of phonons equals %N/t), where N}(t)
Energy, which is generated in phonon system at the time moment t, equals [8, 9] (6) and taking into account that dEph = -dE" one obtains E,{t)~-y(r)E,(r), where
,)/(2 2)\2 (7) stands for the relaxation rate at the time moment / ( 0 = 0, ,
is the two-phonon Green's function, expression for rk is given in [9, 10] . The second term in square brackets in (7) is important if the initial energy is close to critical point. When deriving expression (7) it was taken into account that for ,~Ek 
is the operator of distance between the nearest neighbours in the a-direction, /?"",, is the distance between the nearest neighbour sites, The potential considered does not take account of the covalent interaction which leads to the chemical bonding. This The matrix {V3"" } is determined by the coefficients of the quadratic operators of cubic anharmonicity in (11) with ß-, = Cp + qnr,-qi¡ñ,, (14) where C/( are Cartesian amplitudes of the local mode; denotes the numbers of the central atom and its nearest neighbours and the Cartesian components Fig. 1 The operator //'with the given matrices w can be diagonalized analytically. Since the corresponding final analytical expressions for the eigenvalues are complicated, we restrict ourselves in giving their non-zero values for some chosen parameters (see Table 1 and Table 2 ). To proceed further we must know the functions of the local densities of states ",( ). To find these functions one should specify the parameters for our lattice and the substitutional impurity atom. For qualitative estimations, however, it is possible to involve suitable standard expressions for density functions which in many cases give good approximation.
For qualitative estimations we use the following density functions: Qjco) = ,,,,, , ) + "," "{ ), (15) where "( )
is the density function for acoustic phonons and
is the density function for optical phonons, À"", and /.,"" stand for the corresponding contribution of the phonon bands to the m-th density of state, K," + ,,, = 1> ", ", and 2 are the limiting phonon frequencies for acoustic and optical bands respectively.
Formulas (16) and (17) underline, that the two-phonon Green's functions G,"(co) which are relevant to our process, are less sensitive to details of local dynamics than the onephonon Green's function G",(a>).
In Figs. 2 We carried out a set of calculations for different temperatures. In Fig. 6 The energy E, and the frequency , of the ILM are correlated. Explosion-like releases of energy will take place if E, exceeds critical energy. Monatomic one-dimensional chain is the simplest model to investigate whether this condition is fulfilled.
The one-site Green's function [25] has only the imaginary part for the range of frequencies \ \ < "" where ", is the top band frequency.
Therefore, the two-phonon Green's function is real ; two-phonon anharmonic damping causes instability of the ILM of the frequency , < 2 ,". The potential energy operator which includes linear, cubic and quartic terms has the form
where Ur is the operator of the longitudinal displacement of the n-th atom from its equilibrium position, Kr are harmonic (r=2) and anharmonic (cubic: r = 3, quartic: r=4) springs. The operators U" satisfy the following equations of motion: To take account of the intrinsic local mode we introduce the operators U" in the form Û" = A"(t) + " + q", (20) where the "classical" displacements A" are supposed to be nearly periodic and v' ,3) = K3a" + 3/2 /C,â"cf" determine the change of springs caused by the ILM. The terms -,,-,,-,)2, K4A"(q"-qH-t)2 and K4(q"-q"-<Y are supposed to be small and they were neglected. Taking account of these terms is important if , > 2 "" when the two-phonon decay under consideration is forbidden by the energy conservation law.
The Green's function of a perturbed lattice G," is expressed via the Green's function of a perfect lattice G'"\w):
The rate of decay of the ILM is determined by (7) (7) and (8) that the damping rate of the local mode is strongly enhanced (diverges in our approximation as~|'_<¿l"2) if the mode energy approaches (at t = tk) one of the critical energies Ek. This enhancement of is associated with the generation of quasimonochromatic phonons. These phonons are emitted in pairs: one phonon with the frequency iok and another with the frequency ( , -tok). As a result the decay of the strongly excited local mode is highly non-exponential: it has stepwise jumps near critical energies.
At a final stage of decay the relaxation becomes exponential, i.e. the rate of decay is constant. In weak coupling limit the theory presented also gives the constant rate of decay. This is similar to the result given by perturbation theory [22] and to the numerical simulations [6] 
